Abstract. We show that signs of Fourier coefficients, on certain sub-families, determine the half-integral weight cuspidal eigenform uniquely, up to a positive constant. We also study sign change results for the product of the Fourier coefficients of two distinct half-integral weight eigenforms.
introduction
Determination of modular forms is one of the fundamental and an interesting problem in number theory. One can determine cuspidal Hecke eigenforms of integral weight by the central critical values of the corresponding L-functions twisted by certain Dirichlet characters or by a family of modular forms (cf. [LR97] , [GHS09] ). On the other hand, the eigenvalues of the Hecke operators at primes p acting on the space of newforms will also determine the newform uniquely. In literature, these are known as multiplicity one theorems.
For primitive forms f of integral weight, the extent to which the signs of Hecke eigenvalues at primes p determine f uniquely has been first studied by Kowalski et al. [KLSW10] (and also by Matomäki [Mat12] , who refined some of their results). A natural question to ask if similar results continue to hold in the case of half-integral weight modular forms? Classically, there are several multiplicity one theorems available in the literature for half-integral weight cuspidal eigenforms in terms of their Hecke eigenvalues (cf. [MRV90] , [Koh82] ).
In this article, we show that signs of Fourier coefficients on certain sub-families, which are accessible via the Shimura correspondence, determine the half-integral weight cuspidal eigenform uniquely, up to a positive scalar multiple (cf. §3). We also study the sign change results for the product of Fourier coefficients of two distinct half-integral weight cuspidal eigenforms, by assuming pair Sato-Tate conjecture for their corresponding Shimura lifts. We also state a equi-distribution version of this result (cf. §4). The basic idea of this article comes from the author's previous article [Kum15] , which in turn a variant of the techniques of [AIW15] .
Preliminaries
Let P denotes the set of all prime numbers. Now, we let us recall the Sato-Tate measure and the notion of natural density and analytic density for subsets of P.
Definition 2.1. The Sato-Tate measure µ ST is the probability measure on [−1, 1] given by
Definition 2.2. Let S be a subset of P. The set S has natural density d(S) (resp., analytic density d an (S)), if the limit
exists and is equal to d(S) (resp., is equal to d an (S)), where π(x) := #{p ≤ x : p ∈ P}.
Remark 2.3. If a subset S ⊆ P has a natural density, then it also has an analytic density, and the two densities are the same. Observe, if |S| < ∞, then d(S) = 0 and hence d an (S) = 0.
Let k, N be natural numbers and χ be a Dirichlet character modulo 4N. Then S k+ (4N, χ).
Multiplicity one theorem
In this section, we shall state one of the main result of this article and shall give a proof of it. Throughout this article, we shall stick to the following notation.
(4N 2 , χ 0 )) be a non-zero cuspidal eigenform for operators T p 2 for primes p ∤ 2N 1 , (resp., p ∤ 2N 2 ), where k 1 , k 2 ≥ 1 are integers and N 1 , N 2 are odd and squarefree integers. Suppose there exists a square-free integer t ≥ 1 such that a(t)b(t) = 0. Suppose
(2N 2 )) are the cuspidal eigenforms for operators T p for primes p ∤ 2N 1 (resp., p ∤ 2N 2 ) corresponding to f (resp., g) under the Shimura lift for the square-free integer t.
WLOG, we can assume that a(t) = 1, b(t) = 1. This is because, once we have the theorem in this case, we can apply the theorem with to prove the general case. An advantage of this reduction is that, in this case, the eigenforms F t , G t are become primitive forms and they are independent of t. For simplicity, we denote them by F, G, and their coefficients with A(n), B(n)(n ∈ N) respectively. Observe that, the levels 2N 1 , 2N 2 are square-free integers, hence the primitive forms F, G are without complex multiplication.
In this article, we shall follow this notation: Let f, g, F, G be as in Hypothesis 3.1.
resp., Now, we are ready to state one of the main result of this article.
Theorem 3.2 (Multiplicity one theorem). Let f, g be two half-integral weight eigenforms satisfying Hypothesis 3.1. If a(tp 2 ) and b(tp 2 ) have the same sign for every p ∈ E 0 with d an (E 0 ) ≤ 6/25 then N 1 = N 2 , k 1 = k 2 , and f = g, up to a positive scalar multiple.
Before we proceed to prove the theorem, we recall some basic properties of Shimura lift and also will prove a proposition which will be useful.
Let f be a cuspidal eigenform as in Hypothesis 3.1 and F denote the Shimura lift corresponding to f . By [CR94, §5], we can see the relation between the Fourier coefficients of f and those of its lift F , namely
where χ 1 (d) is a quadratic character, whose explicit expression is not necessary in our context. In particular, for a prime p with (p, 2N 1 ) = 1, the relation becomes
Remark 3.3. Since F is a primitive form with trivial nebentypus, one knows that the Fourier coefficients A(n)(n ∈ N) of F are real numbers. In particular, by (3.2), we can see that {a(tp 2 )} p∈P are also real numbers, hence we can talk about signs and sign changes. By (3.2), for any p ∈ P, we have that
We see that, if a(tp 2 ) is negative, then it does not mean that C(p) is negative. So, Theorem 3.2 is not an immediate consequence of a theorem of Matomäki (cf. [Mat12, Theorem 2]). However, we can still deduce our theorem from there by a trick, which is the content of the following proposition.
(4N 1 , χ 0 ) be as in Hypothesis 3.1.
The natural density of primes p for which a(tp 2 ) and C(p) have the opposite sign is zero.
Proof. To prove the proposition, it is sufficient to show that
For any fixed (but small) ǫ > 0, we have the following inclusion of sets
Hence, we have
Now divide the above inequality by π(x)
.
The term
tends to zero as x → ∞ as π( 
This implies that lim sup
Since the inequality (3.3) holds for all ǫ > 0, we have that
The proof in the other case, i.e., a(tp 2 ) is positive, is similar to the above one. Now, we are ready to prove Theorem 3.2.
Proof. By Proposition 3.4, the signs of a(tp 2 ) and C(p) are exactly the same, except possibly for a natural density zero set of primes, say E f . Similarly, for the eigenform g and denote the set by E g . Take
Since a(tp 2 ) and b(tp 2 ) have same sign for every p ∈ E with d an (E) ≤ 6/25, then C(p) and D(p) also have same sign for every p ∈ E. This implies that, C(p) and D(p) have same sign for every prime p ∈ E with analytic density ≤ 6/25. This implies that k 1 = k 2 , N 1 = N 2 and F = G, by a theorem of Matomäki (cf. [Mat12, Theorem 2]).
Since Shimura lift commutes with the Hecke operators, we see that, for p ∤ 2N 1 N 2 , the T p 2 -eigenvalues of f ,g are the same, since they coincide with the T p -eigenvalue of F (= G). By [MRV90, Theorem 5], we see that the half-integral weight cuspidal eigenforms f is a scalar multiple of g.
In the general case, we can apply the proof with f /a(t) and g/b(t) to prove that f is a scalar multiple of g. Since the tp 2 -th coefficients of f.g have the same sign, this shows that the constant has to be positive.
We remark that, the above theorem is also true for eigenforms in the Kohnen's
with k 1 ≡ k 2 (mod 2). In this case, the Shimura lifts, corresponding to a fundamental discriminant D, of f, g belong to S new 2k 1
(N 2 ), resp., (cf. [CR94, §5], [Koh82] ). Now, the rest of the proof is similar to the proof of Theorem 3.2.
Equi-distribution result for the product of Fourier coefficients
Recently, a variant of sign change result for the product of Fourier coefficients of half-integral weight weight modular eigenforms has been studied in [GKR15] . They show that there exists an infinite set S ⊂ P, such that for any prime p ∈ S, the sequence {a(tp 2m )b(tp 2m )}(m ∈ N) change signs infinitely often. In this section, we shall study the sign change results for the product of Fourier coefficients {a(tp 2 )b(tp 2 )}(p ∈ P). In fact, we prove an equi-distribution result for the product of Fourier coefficients by assuming the pair Sato-Tate conjecture for non-CM Hecke eigenforms of integral weight (Conjecture 4.1 below). Now, let us recall the pair Sato-Tate equi-distribution conjecture.
Pair Sato-Tate equi-distribution conjecture:
n be primitive eigenforms of weight 2k i and level 2N i , resp., For i = 1, 2, by Deligne's bound, for any prime p, we have that
and we let
We have the following pair Sato-Tate equi-distribution conjecture for the pair (g 1 , g 2 ).
Conjecture 4.1. Let g 1 , g 2 be distinct non-CM primitive forms of weight 2k 1 , 2k 2 and level 2N 1 , 2N 2 , resp., Assume that they are not twists of each other. For any two subintervals
where
In other words, the Fourier coefficients at primes are independently distributed with respect to the Sato-Tate distribution.
4.2.
Results for the product of the Fourier coefficients: Let f, g be two halfintegral weight eigenforms as in Hypothesis 3.1. As before, we shall assume that a(t) = b(t) = 1 (cf. Remark 4.3). For the notational convenience, we let
and similarly P >0 , P ≤0 , P ≥0 , and P =0 . We let
and similarly π >0 (x), π ≤0 (x), π ≥0 (x), and π =0 (x).
Theorem 4.2. Let f, g be two distinct half-integral weight eigenforms as in Hypothesis 3.1. Assume that F, G are not twists of each other and the pair Sato-Tate conjecture holds for (F, G). Then the product of Fourier coefficients {a(tp 2 )b(tp 2 )}(p ∈ P) change signs infinitely often. Moreover, the sets
have natural density 1/2, and d(P =0 ) = 0.
Proof. First, we observe that the Shimura lifts F, G are primitive forms and without complex multiplication (CM). This is because there are no newforms with CM for square-free levels and 2N 1 , 2N 2 are square-free. Then, by Shimura correspondence, for any prime (p, 2N 1 N 2 ) = 1, we have that
where χ 1 is a quadratic character. Similarly, for g,
where χ 2 is a quadratic character.
From the above equation, we get that
Similar inequalities also hold for the Fourier coefficients {b(tp 2 )} p∈P as well. First, we shall show that lim inf
where S a (I 1 , I 2 )(x) := {p ∈ S(I 1 , I 2 )(x) : p > a}, for any a ∈ R + . Hence, we have
tends to zero as x → ∞ as π( 1 4ǫ 2 ) is finite. By Conjecture 4.1, we have
This implies that lim inf
Since the inequality (4.2) holds for all ǫ > 0, we have that
A similarly proof shows that lim inf
. Hence, the limit lim
exists and is equal to
Therefore, the natural density of the set P <0 is 1 2
. A similar proof works for the sets P ≤0 , P >0 , P ≥0 . As a consequence, we see that d(P =0 ) = 0. instead of a(tp 2 ). Now, we state the equi-distribution result for the product of Fourier coefficients of two distinct half-integral weight cuspidal eigenforms, by assuming pair Sato-Tate conjecture for their corresponding Shimura lifts. ∈ I 2 S(I 1 , I 2 )(x) = {p ≤ x : p ∈ S(I 1 , I 2 )} .
Proof. The proof of this theorem is similar to the proof of Theorem 4.2. This is because, the set of primes p for which ∈ I 1 are of density zero. Similarly, for the cuspidal eigenform g with the interval I 2 . The proof of these statements is a generalization of the proof of Proposition 3.4.
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